WHEN EVERY GORENSTEIN PROJECTIVE (RESP. FLAT) MODULE IS 
STRONGLY GORENSTEIN PROJECTIVE (RESP. FLAT). 



NAJIB MAHDOU AND MOHAMMED TAMEKKANTE 



Abstract. In [5], the authors discuss the rings over which all modules are strongly Goren- 
stein projective. In this paper, we are interesting to an extension of this idea. Thus, we 
discuss the rings over which every Gorenstein projective (resp. flat) module is strongly 
Gorenstein projective (resp, flat). Our aim is to give examples of rings with different 
Gorenstein global dimension satisfied this condition. 



1. Introduction 

Throughout this paper, all rings are commutative with identity element, and all modules 
are unital. 

Setup and Notation : Let Rhe a ring, and let M be an /^-module. As usual we use 
pdR{M), idR(M) and fdfi{M) to denote, respectively, the classical projective, injective and 
flat dimensions of M. By gldim(R) and wdim(R) we denote, respectively, the classical 
global and weak dimensions of R. 

It is by now a well-established fact that even if R to be non-Noetherian, there exists 
Gorenstein projective, injective and flat dimensions of M, which are usually denoted by 
GpdR(M), GidR(M), and GfdR(M), respectively. Some references are lE] |3] E IH [IT] El 

Recently in lO, the authors started the study of global Gorenstein dimensions of rings, 
which are called, for a commutative ring R, Gorenstein global projective, injective, and 
weak dimensions of R, denoted by GPD(R), GID(R), and G.wdim(R), respectively, and, 
respectively, defined as follows: 

1) GPD(R) = sup{GpdR(M)\M R- module] 

2) GID(R) = sup{GidR(M) \ M R - module} 

3) G.wdim(R) = sup{GfdR{M) \MR- module} 

They proved that, for any ring R, G.wdim{R) < GID(R) = GPD(R) (|3 Theorems 
2.1 and 2.11]). So, according to the terminology of the classical theory of homological 
dimensions of rings, the common value of GPD(R) and GID(R) is called Gorenstein global 
dimension of R, and denoted by G.gldim(R). 

They also proved that the Gorenstein global and weak dimensions are refinement of the 
classical global and weak dimensions of rings. That is : G.gldim(R) < gldim(R) and 
G.wdim(R) < wdim(R) with equality if wdim(R) is finite (|3, Propositions 2.12]). 
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In 121, the authors studied a particulars cases of a Gorenstein projective, injective and 
flat modules which they call a strongly Gorenstein projective, injective and flat modules 
respectively, and defined as follows: 

Definitions 1.1. 

(1) A module M is said to be strongly Gorenstein projective (S'G-projective for short), 
if there exists an exact sequence of projective modules of the form: 

f f f 

such that M = Im (/) and such that Hom{-, P) leaves the sequence P exact when- 
ever P is projective. 

The exact sequence P is called a strongly complete projective resolution. 

(2) The strongly Gorenstein injective modules are defined dually. 

(3) A module M is said to be strongly Gorenstein flat {S G-flat for short), if there exists 
an exact sequence of flat module of the form: 

F= ^fl^fl^fjUf^... 

such that M = Im (/) and such that - g) / leaves F exact whenever / is injective. 
The exact sequence F is called a strongly complete flat resolution. 

The principal role of the strongly Gorenstein projective and injective modules is to give 
a simple characterization of a Gorenstein projective and injective modules, respectively, as 
follows: 

Theorem 1.2 (12), Theorem 2.7). A module is Gorenstein projective (resp., injective) if, 
and only if, it is a direct summand of a strongly Gorenstein projective (resp., injective) 
module. 

Using (|2] Theorem 3.5] together with ifTSl Theorem 3.7], we have the next result: 

Proposition 1.3. Let R be a coherent ring. A module is Gorenstein flat if, and only if, it is 
a direct summand of a strongly Gorenstein fiat module. 

Notation. By PiR), I(R) and TiR) we denote the classes of all projective, injective 
and fat /^-modules respectively and by QViR), QI{R) and QTiR) denote the classes of all 
strongly Gorenstein projective, injective and fat /^-modules respectively. Furthermore, we 
let SQPiR), S0I{R) and SQTiR) denote the classes of all Gorenstein projective, injective 
and flat 7?-modules, respectively. 

In many place of this papers we use the notion of resolving class. This notion was be 
introduced by Holm in [151 as follows: 

Definition 1.4 (Definition l.l. lfTSi ). For any class X of /^-modules. 

a/: We call X projectively resolving if fiR) Q X, and for every short exact sequence 
Q^X' — >X^X" — > with X" € X the conditions X' e X wdX e X are 
equivalent. 

b/: We call X injectively resolving if I{R) C X, and for every short exact sequence 
Q^X' — > X — > X" ^ with X' eX the conditions X" eXwdXeX are 
equivalent. 

In fJSll again. Holm prove that the class QPili) is projectively resolving and closed un- 
der arbitrary direct sums and under direct summands ( 1.15. Theorem 2.5]), and dually, the 
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class QlifC) is injectively resolving and closed under arbitrary direct products and under 
direct summands ( ifTsl Theorem 2.6]). He also prove that, if R is coherent, then the class 
QTili) is projectively resolving and closed under direct summands ( ifTSl Theorem 3.7]). 

For any ring R, it is clear that we have the following inclusions of classes: 

nR) c SgP(R) c gr{R) 

We will see after that the inverse inclusions are not true in general. Indeed, using ||2] 
Theorem 2.7], the inclusion SQ^iR) c V{R) means that G.gldim(R) = gldim{R) and so we 
are in the classical case. 

In this paper, we are interesting to discuss the equality of classes SQfiR) - @V(R) i.e, 
when every Gorenstein projective module is strongly Gorenstein projective. A trivial ex- 
ample is when the global dimension of R is finite. In the second part of the second section, 
we are also interesting to the equality SQTiR) - QTiR) over a coherent ring R. In many 
place of this papers, we use the following Lemma. 

Lemma 1.5. Consider the following diagram of modules aver a ring R. 

a P 

0^ M ^ P -> M ^0 

0^ e ^ Q®Q ^ e ->o 

where M is a Gorenstein projective module, P and Q are projective and l and j are the 
canonical injection and projection respectively. Then, there is a morphism J '■ P Q® Q 
which complete (★) and make it commutative. 

Proof. If we apply the functor Hom{-, Q) to the short exact sequence 

(*) 

we obtain the short exact sequence: 

(**) ^ Hom(M, Q) Hom{P, Q) ^ Hom(M, Q) ^ 

Since Ext(M, = (CB] Proposition 2.3]). On the other hand, u e Hom(M, Q). Then, 
from the exactness of (**), there is a morphism v : P —> Q such that v o a - u. Conse- 
quently, we can verified that the morphism y : P ^ Q®Q defined by y(p) :- (v(p), uo/3(p)) 
whenever p e P is the desired morphism. □ 

Dually, one can find easily the injective version of Lemma [TTSl 
The aim of this paper is to construct a family of rings {/?,}, over which every Gorenstein 
projective module is strongly Gorenstein projective and such that G.gldim(Ri) - i and 
wdim(Ri) — oo. 

2. Main results 
Now, we give our main first result. 

Theorem 2.1. Let R be a ring. The following are equivalents: 

(1) Every Gorenstein projective module is strongly Gorenstein projective. 
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(2) For every module M with Gpd(M) < 1, there exists a short exact sequence 

^ M ^ M ^0 

where pd(Q) < 1. 

Proof. Assume (1) and we claim (2). Let M be a module such that Gpd{M) < 1 and pick 
a short exact sequence Q—>G—>Q—>M^Q where Q is projective and G is Gorenstein 
projective module (then strongly Gorenstein projective by the hypothesis condition). Thus, 
from [2 Proposition 2.9], there exists a short exact sequence O^G— >P— >G— >0 where 
P is projective. So, using Lemma [T31 there is a morphism -y : P Q® Q such the 
following diagram is commutative: 

0^ G ^ P ^ G ^0 
(★) i y i i 

0^ e ^ Q®Q ^ e ^0 

Hence, applying the Snake Lemma to this diagram and since M = coker{G — > Q), we 
obtain a short exact sequence of the form 0— >M— >X— >M— >0 where X = coker{y). 
Clearly, we have pd{X) < 1, as desired. 

Conversely, we assume (2) and we claim (1). Let M be a Gorenstein projective module. 
By the hypothesis condition, there is an exact sequence (★)0 —^M^Q^M^Q where 
pdiQ) < L But the class QP{R) is projectively resolving (by ifTSl Theorem 2.5]). Hence, 
from (★), Q is also Gorenstein projective. Consequently, from ifTSl Proposition 2.27], Q is 
projective. On the other hand, since M is Gorenstein projective, for any projective module 
P and any integer / > 0, Ext'(M,P) = 0. Thus, from 12, Proposition 2.9], M is strongly 
Gorenstein projective, as desired. □ 

In the next, we give example of rings over which SQf(-) - QVi-) or different. 

Example 2.2. Let D be a principal ideal domain and V a nonzero prime ideal of D. Con- 
sider the rings R = DjP^ and S = D/f^ Then, 

(1) sgriR) = gnR\ and 

(2) S0'P{S)<iSnS). 

Proof. (1) Follows immediately from Is) Corollary 3.9] 

(2) From |5, Corollary 3.10], SQViS) + hA(S) = QViS) (where M(5) is the class of 
all 5 -modules). So, we have the desired strict inclusion. 

□ 

From ||5] Corollary 3.9 and 3.10], the rings R and S of Example |2 . 2| have zero Gorenstein 
Global dimension. In order to move up this G.gldim, we past by the direct product of rings 
as shown by the next result. 

Theorem 2.3. Let {/?,),=i,...,m be a family of rings with finite Gorenstein global dimensions. 

m m 

Then, SgPi^ Ri) = ^!P(]~[ Rd if and only if SgViRd = gPiRdfor each i = 1 , m. 

1=1 1=1 

Proof. By induction on m, we may assume m-2. 

Assume that SgV^Ri x R2) - QViRy x R2) and let M be a G-projective Ri - module. We 
claim that M is a strongly Gorenstein projective /?i -module. Obviously, MxO is an Ri XR2- 
module (see [6, Page 101]). First, we claim that MxO is a G-projective /?iX/?2 -module. The 
7?i-module M is a direct summand of an 5 G-projective /?i-module ([2, Theorem 2.7]). 
For such module, there is a short exact sequence of i?i -modules 0— >A^— >P— >A^— >0 
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where P is a projective 7?i -module (|2 Proposition 2.9]). Hence, we have a short sequence 
of R\ X /;2-modules (*) 0->A^xO^PxO^A^xO->0 and P x is a projective 
R[ X /?2-module. But G.gldim(Ri x R2) is finite (by |4 Theorem 3.1]). Then, there is 
an integer / > such that Ext'^^^j^ {N x Q,Q) = for each projective Ri x /?2-module 
Q (since GpcIr^xrAN x 0) < 00 and by ITSl Theorem 2.20]). From (*) we deduce that 
ExtR^xR.iN X 0, Q) = 0. Then, by |2, Proposition 2.9], x is an 5G-projective Ri x Pa- 
module. So, M X is a G-projective Pi x Pa-module (since it is a direct summand of 
X as an Pi X Pa-modules and by ifTSl Theorem 2.5]). Now, we claim that M is an SG- 
projective Pi-module. By hypothesis, the Pi x Pa-module M x is 5 G-projective (since 
M € @P{R\ X Pa) - SgViRi x Pa)). Thus, there exists a short exact sequence of Pi x Pa- 
modules (★) 0-»MxO^P^MxO^O where P is a projective Pi x Pa-module. 
Now, tensor (★) by - (g) Pi we obtain the short exact sequence of Pi -modules (see that Pi 
is a projective Pi x Pa-module) 

(★★) O^MxO®R,xR, Pi P^R^xR.Ri ^ MxO^R,xR,Ri ^0 

But M X ®R|XR, Pi = M X ®fi|Xfi, (Pi X Pa)/(0 x Pa) = M x M (isomorphism 
of P-modules). Then, we can write (**) as — » M — > P ®R,xfi2 ^1 M ^ 0. It is 
clear that P (8)r,x«t Pi is a projective Pi-module. Furthermore, by [15, Theorem 2.20], 
ExtR^{M, F) = for every Pi-module projective F since M is a G-projective Pi-module. 
So, by |2, Proposition 2.9], M is an 5 G-projective Pi -module, as desired. 
Similarly, we can prove that SgPiRi) = QViRi). 

Conversely, assume that SQPiRi) - QfiR,) for i - 1,2 and let M be a G-projective 
Pi X Pa-module. We claim that M is an 5 G-projective Pi x Pa-module. We have the 
isomorphism of Pi x Pa-modules: 

M ^ M i8>R,xR, Pi X Pa = M ®R|Xj?2 (Pi X ffi X Pa) = Ml X Ma 

where M, = M ®r,xr, P/ for i - 1,2 (for more details see @ p. 102]). By ^ Lemma 
3.2], for each i - 1,2, M, is a G-projective P,-module. Then, by hypothesis, M, is an SG- 
projective P,-module for / = 1,2. On the other hand, the family {P,),=i_a of rings satisfies 
the conditions of H Lemma 3.3] (by (3] Corollary 2.10] since G.gldim(Ri) is finite for 
each / = 1,2). Thus, M - M\X Ma is an 5G-projective Pi x Pa-module, as desired. □ 

Now, we are able to construct a non-Noetherian family of rings (P, ) over which every 
Gorenstein projective module is strongly Gorenstein projective and such that G .gldim{Ri) - 
i and wdim(Ri) — 00. 

Example 2.4. Consider a non-semisimple quasi-Frobenius ring P = K[X]/{X^) where K 
is a field, and a non- Noetherian hereditary ring S . Then, for every positive integer n, we 
have: 

(1) sgnR X s [XuX2, ...,x„]) = gp(R x s [XuX2, ...,x„]), 

(2) G.gldim(RxS[Xi,X2,...,X„]) ^n+l and wdim(R x S[Xi,X2, ...,X„]) = 00. 

Proof. From [4, Example 3.4], only the first assertion need an argument. It is clear that 
nS [XuX2,...,X„]) = SgnS[XuX2,...,X„]) = gnS [Xi,X2,...,X„]) since wdimiS [Xi,Xa, ...,X„]) 
is finite (by the Hilbert Syzygies's Theorem) and by using flS] Proposition 2.27]. On the 
other hand, from Example^ SgPiR) = gP(R). Thus, Theorem|23]finish the proof. □ 

Remark 2.5. Similarly as in Example 12.41 and by using the ring S of Example 12.21 and 
Theorem l2.3l we can construct a family of rings {5',),>o (Noetherian or not) and with any 
Gorenstein global dimensions, such that SgP{S i) £ gP(Ri). 
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In the rest of this paper we will be interesting to discuss and give examples of rings 
satisfies the equality of classes S0T{-) - QTi-)- Before that, the next rest result give a 
particular case where the equahty SgVi-) = Sgi{-) = &!{-) and SgT(-) = 

QTi-) are equivalents. 

Theorem 2.6. Let R be a commutative ring with Gorenstein global dimension < 1. We 
consider the following assertions: 

(1) Every Gorenstein projective module is strongly Gorenstein projective. 

(2) Every Gorenstein injective module is strongly Gorenstein injective. 

(3) Every Gorenstein flat module is strongly Gorenstein flat. 

Then (1) and (2) are equivalent. IfR is coherent, all assertions are equivalent. 

Proof. 1^2. Assume (1) and let M be a G-injective /^-module. We claim that M is 
5G-injective. By hypothesis, GpduiM) < 1. Then, there exists a short exact sequence 
of 7?-modules (★) O^M^Q^M^O where pdR(Q) < 1 (by Theorem Ol. By 
(m Corollary 2.10], idR(Q) < 1. On the other hand, QI(R) is injectively resolving ( ifTSl 
Theorem 2.6]). Then, 2 is a G-injective /^-module. Thus, by the injective version of fT5] 
Proposition 2.27], we conclude that Q is injective. Moreover, for every injective /^-module 
E we have Ext^iE, M) - (since M is G-injective). Consequently, from 12] Remark 2.10], 
M is 5 G-injective, as desired. 

2 => 1 . By the injective version of Theorem l2.1l the argument of this impUcation is similar 
to the proof of the first one. 

Now, we suppose that R is coherent and prove the equivalence 1 o 3. 
1 => 3. Let M be a G-flat module. By hypothesis GpduiM) < 1. Thus, from Theorem 
12.11 there is an exact sequence Q—>M—^X—^M—>Q where pd(X) < 1. Then, 
id(Homz(X,q/Z)) = fd(X) < pd(X) < 1. Furthermore, from [15., Theorem 3.7], X is 
Gorenstein flat module since QTiR) is projectively resolving. Hence, by 1 15, Proposition 
3.11], HomziX, Q/Z) is Gorenstein injective. Consequently, by the dual of 1 15, Proposition 
2.27], HomziX, Q/Z) is injective. Then, from [14, Theorem 1.2.1]), X is flat. Hence, M is 
immediately 5G-flat (by \2, Proposition 3.6] and since for any injective module /, we have 
Tor(M, /) = since M is G-flat). 

3^1. Let / be an injective /^-module. From [|3i Corollary 2.10], fdR(I) < 1. Then, from 
ifTOl Theorem 3.8], 7? is an 1 - FC ring (i.e., coherent ring with Ext^{P,R) = for each 
finitely presented /^-module P). Now, let M be a G-projective /^-module. Then, M embeds 
in projective /^-module. So, from Theorem 7], M is G-flat. Then, by hypothesis M 
becomes 5 G-flat. Hence, there exists a short exact sequence M — > F M ^ 
where F is flat. By the resolving of the class QViR) and from the short exact sequence 
above we deduce that F is G-projective (since M is G-projective). On the other hand, 
pduiF) < oo (by [3, Corollary 2.10] and since F is flat). Therefore, F is projective by ifTSl 
Proposition 2.27]. So M is 5 G-projective (by [2, Proposition 2.9] and since ExtiM, P) -0 
for every projective module P because M is G-projective). □ 

We have a similar result with the perfect rings as shown by the next result. Recall that a 
ring R is called perfect if every flat /^-module is projective |[T|. 

Proposition 2.7. Let R be a coherent ring with finite Gorenstein global dimension. If every 
Gorenstein flat module is strongly Gorenstein flat, then every Gorenstein projective module 
is strongly Gorenstein projective with equivalence ifR is perfect. 

Proof. Assume that every Gorenstein flat module is strongly Gorenstein flat and let M be 
a G-projective module. By [15. Theorem 2.20], ExtuiM, Q) - for every projective module 



WHEN EVERY GORENSTEIN PROJECTIVE (RESR FLAT) MODULE IS STRONGLY... 



7 



Q. So, to prove that M is 5G-projective it suffices to find a short exact sequence of R- 
modules >P— >M— »0 where P is projective (by 111 Proposition 2.9]). From ifTsl 
Proposition 3.4 and Theorem 3.24], M is also G-flat (since G.gldim(R) is finite). Then, by 
the hypothesis condition, M becomes 5 G-flat. Thus, from [2 Proposition 3.6], there exists 
a short exact sequence Q—>N^F^M^Q where F is flat. So, from ^ Coroflary 
2.10], pdi{(F) is finite. On the other hand, by |TF Theorem 3.7], QTiR) is projectively 
resolving and then, from the short exact sequence above, F is G-projective since M is G- 
projective. Therefore, from ifTSl Proposition 2.27], F is projective. Consequently, we have 
the desired short exact sequence. 

Now, assume that /? is a perfect ring with finite Gorenstein global dimension and such 
that every Gorenstein projective module is strongly Gorenstein projective. Let M a G-flat 
module. We claim that it is strongly Gorenstein flat. By [ 15 , Theorem 3.14], TorRiM, I) - 
for every injective module /. So, from [2 , Proposition 3.6], it stays to prove the existence 
of a short exact sequence Q—>M—>F—>M—>Q where F is flat. By (|2] Theorem 3.5] 
M is a direct summand of an S'G-flat module A^. For such module, by (T, Proposition 3.6], 
there exists a short exact sequence (*) 0— »A^— »F— >A^^0 where F is flat (then 
projective since R is perfect). Now, let f be a projective module. We have iduiP) ^ « 
where « = G.gldim{R) (by [T, CoroUary 2.10]). Then, Ext"^HN,P) = and so, from the 
short exact sequence (*) we deduce that ExtR{N,P) - 0. So, from [2, Proposition 2.9], 

is 5 G-projective. Consequently, M is G-projective (since it is a direct summand of 
and by [2, Theorem 2.7]). Then, by hypothesis, M becomes 5 G-projective. Hence, by [|2] 
Proposition 2.9], there exists a short exact sequence 0— >M— >P^M— >0 where P is 
projective (then flat), and this is the desired short exact sequence. □ 

Remark!.^. Seen Theorem l2.6l with the rings R and S of Example l2.2l we have S G'F(R) - 

gr(R) and sgr(S)ggns). 

In what follows, we give the flat version of Theorem l2.3l as: 
Theorem 2.9. Let {./?,};=i,...,,„ be a family of coherent rings with finite Gorenstein weak 

m m 

dimensions. Then, SQTi^ Rd = ^'?^(]~~[ Ri) 'fi and only if S@T{Ri) = QTiRd for 
1=1 1=1 

each i — I, m. 

Proof. By induction on m, we may assume m -2. 

First note that R\ x /?2 is coherent since R\ and R2 are coherents. 

Assume that every Gorenstein flat R\ x 7?2-module is strongly Gorenstein flat and let 
M be a G-flat 7? i -module. We claim that M is an 5 G-flat /?! -module. Clearly M x is 
an Ri X /;2-module (see [6, Page 101]). First, we claim that M x is a G-flat Ri x R2- 
module. The /?i-module M is a direct summand of an 5 G-flat /?i-module (|[3] Theorem 
3.5.]). For such module, there is a short exact sequence of 7?i-modules — » A^ — > F — > 
A^ — > where F is a flat /?i-module. Hence, we have a short sequence of R\ x 7J2-modules 
(*) O^A^xO^FxO^A^xO^OandFxO will be a flat Ri X /?2-module (H 
Lemma 3.7]). But G.wdim{R\ x R2) is finite ([4, Theorem 3.5]). Then, there is an integer 
/ > such that Tor'j^ (N xQ,I) - Q for each injective Ri x 7?2-module /. From (*) we 
deduce that TorR^xR^iN x 0,1) = 0. Then, by JS] Proposition 3.6], A^ x is an 5G-flat 
R[ x/?2-inodule. So, from [15 Theorem 3.7], MxO is a G-flat /?i x/?2-module (since it is a 
direct summand of NxQ as Ri x/?2 -modules and since x7?2 is coherent). Now, we claim 
that M is an 5G-flat i?i-module. The Ri x 7?2-module M x is 5G-flat (by the hypothesis 
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condition and since we have proved that Ri x/?2-module MxO is G-flat). Then, there exists 
a short exact sequence of R\ x /?2-niodules (★) 0— >MxO— >MxO— >0 where 
F is a flat Ri x /?2-module. Now, we tensor (★) by - ^r^xRj (see that Ri is a projective 
Ri X 7?2-module), we obtain the short exact sequence of /?i-modules: 

(★★) ^ MX0®R,XR2-Rl ^/^®R,xR2-Rl ^MxO®j?,xfc ^0 

But M X ®RixR2 ^1 = M xO ®s,xR, (^1 X /?2)/(0 X R2) = M X M (isomorphism of 
7J-modules). Then, we can write (**) as — > M — > F ®r,xR2 R\ ^ M Q. It is clear 
that F ®r,xr, ^1 is a flat /?i-module. So, M is an S'G-flat /?i-module (since G .wdim{R\) is 
finite and by the same argument as above), as desired. 
Similarly, we can prove that every G-flat 7?2-module is S G-flat. 

Conversely, assume that every G-flat 7?, -module is 5 G-flat /?,-module for, / = 1,2. Let 
M be a G-flat Ri x /?2-module. We claim that M is strongly Gorenstein flat. We have the 
isomorphism of /?i x 7?2-modules: 

M ^ M (g)fl,xR, R\xR2= M (g)R|XR2 {R\ xO ®0 X R2) = Ml X M2 

where M, = M^Rixr^/?/ for; = 1,2 (see |6, Page 102]). By flS", Proposition 3. 10], for each 
/ = 1,2, Mj is a G-flat i?/-module. Then, M, is an 5 G-flat 7?,-module (by the hypothesis 
condition). 

Let / be an injective Ri -module and set n - G.wdim(Ri). Then, using fTS" Theorem 3.14], 
for every /?i -module we have Tor'l^^^^iK, I) = since GfdR{K) < n. Therefore, /(i^,(/) < 
n. Similarly, we can prove that every injective /?2-module has a finite flat dimension. Thus, 
the family {/?,),=i,2 of rings satisfies the conditions of |4, Lemma 3.6]. Hence, M - Mi XM2 
is an 5 G-flat Ri x /?2-module, as desired. □ 

Now we are able to construct a family of non-Noetherian coherent rings {/?,),>o over 
which every G-flat module is strongly Gorenstein flat and such that / = G.wdim{Ri) < 
G.gldim(Ri) and wdim(Ri) — 00. 

Example 2.10. Consider a non-semisimple quasi-Frobenius ring R and a semihereditary 
ring S which is not hereditary. Then, for every positive integer n, we have: 

(1) Sgr(R xS[Xi,X2, ...,X„]) = gr(R xS[Xi,X2, ...,X„]), and 

(2) n+l = G.wdim(RxS[Xi,X2,...,X„]) < G.gldim(RxS[Xi,X2,...,X„])andwdim(Rx 
S[Xi,X2,...,X„])^^. 

Proof. Since S is semihereditary, the ring T := S[Xi,X2, ■■■,X„] is coherent and from 
^ Example 3.8] only the first assertion need an argument. Since wdim(T) < 00 (by 
the Hilbert Syzygies's Theorem), every Gorenstein flat T-module is flat (by ifTSl Corol- 
lary 3.8]). Hence, TiT) = SQTiT) = QTiT). On the other hand, from Remark 1231 
SgT(R) = &T(R). Thus, since G.wdimiR) = G.gldimiR) = and is Noetherian (since 
R is quasi-Frobenius), Theorem l2.9l finish the proof. □ 
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